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A Hybrid Finite-Element–Modal-Expansion Method
With a New Type of Curvilinear Mapping for the

Analysis of Microwave Passive Devices
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Abstract—A hybrid finite-element–modal-expansion procedure
for the three-dimensional analysis of passive microwave devices
exploiting higher order vector basis functions and an innovative
class of curved elements is presented. If modal expansions on ports
are not analytically known, they can be numerically obtained via
a preliminary two-and-one-half-dimensional finite-element anal-
ysis; curved triangular and tetrahedrical elements are defined by a
rational Bézier mapping, which provides a remarkable increase in
accuracy and flexibility over the conventional polynomial mapping
without a significant increase in computational burden. Numerical
results are provided to illustrate the efficiency and feasibility of the
proposed technique.

Index Terms—Finite-element method (FEM), geometric
modeling, microwave devices.

I. INTRODUCTION

THE finite-element method (FEM) is among the most ver-
satile numerical methods for electromagnetics, thanks to

its capability to operate over unstructured grids. In particular,
discretizations based on triangles [two-dimensional (2-D)] and
tetrahedra [three-dimensional (3-D)] are the most flexible; in-
deed, they can exactly fit every domain delimited by straight
boundaries. Nevertheless, curved boundaries are often present
in real problems; in these cases, the efficiency of the analysis
can be greatly enhanced by using elements with curved sides
or faces [1]. Suitable curved elements are particularly required
when higher order basis functions are used since these latter
allow larger elements to be used to achieve a given accuracy.

Curved elements can be generated by distorting simple forms
through a nonlinear mapping of the local coordinates in the
Cartesian coordinates [2]. For node-based finite elements, this
mapping is usually performed via the same class of functions
used as bases for unknown expansion [1] even if the degree of
approximation is not necessarily the same. As far as vector fi-
nite elements are concerned, 3-D covariant projection curved
elements were proposed in [3] and were subsequently used for
the solution of eigenvalue problems [4], but in these papers,
the issue of the choice of curvilinear mapping is not explic-
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itly addressed. In [5], a systematic procedure for the construc-
tion of higher order and curvilinear vector finite elements was
outlined; successively, various kind of such elements have been
devised and applied to the analysis of resonant cavities [4] and
waveguide discontinuities [6], but usually the functions used for
the coordinate transformations are the conventional interpola-
tory polynomials. However, more general transformations are
required for an exact representation of arbitrary geometries.

A different kind of mapping based on nonuniform rational
B-spline (NURBS) was proposed for 2-D FEM with quadri-
lateral elements [7]. More recently, a new class of curved
tetrahedral elements for numerical methods, based on rational
Bézier volumes [8], has been presented and its effectiveness has
been demonstrated by analyzing a simple cavity problem [9].
Rational coordinate transformations offer much more flexibility
than polynomial ones, even though they exhibit a comparable
computational cost since only polynomial functions are in-
volved. This allows complex shapes, including those delimited
by quadric surfaces, to be exactly represented by means of a
small number of elements. Furthermore, the majority of the
available computer-aided geometric design (CAGD) tools are
based on NURBS meshes and it is quite fast and easy to obtain
Bézier meshes from NURBS representations [8].

In this paper, a rational Bézier mapping is embedded
in a procedure combining a 3-D FEM and modal expan-
sions (obtained either analytically or numerically via a
two–and–one–half–dimensional (2.5-D) FEM approach [10])
for the electromagnetic characterization of microwave passive
devices. Similar approaches for the analysis of microwave
junctions and waveguide discontinuities have been presented
in several papers [11]–[13] and are also exploited by some
commercial softwares; however, in these cases, zeroth- or, at
best, first-order vector basis functions and rectilinear elements
are used. Higher order basis functions defined over rectilinear
prism elements were used in [14]. In this paper, higher order
vector basis functions are combined with the innovative class
of curvilinear tetrahedra presented in [9], which allows to
fully exploit the basis efficiency by eliminating geometric
approximation error.

The Bézier mapping and higher order vector basis functions
are presented in Section II. Section III outlines the hybrid for-
mulation. Section IV shows some numerical results to prove the
effectiveness of the proposed procedure. Finally, Section V will
draw some conclusions.
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Fig. 1. Interpolatory polynomial transformation with n = 2. (a) Basic parent
tetrahedron. (b) Curved tetrahedron. Interpolation points are shown.

II. CURVILINEAR HIGHER ORDER ELEMENTS

The position of a point inside a tetrahedron with vertices
can be determined in terms of barycentric coor-

dinates [8] , which are defined by

(1)

subject to the constraints

(2)

In the following, the first three barycentric coordinates will
be taken as independent and the fourth as dependent.

A curved tetrahedron is obtained through a univalent mapping
of the basic parent element, defined in the local ( ) space
[see Fig. 1(a)], into the real element in the global ( ) space.
The simplest and most common curved elements are those be-
longing to the Lagrange family [2]. For a degree mapping,

points located on a regular
grid in the local space are considered and, for each of them,
the global coordinates are assigned. The
local coordinates of these points are

with positive inte-
gers such that . The relation between
the two sets of coordinates is obtained by summation of prod-
ucts of appropriate interpolatory polynomials

(3)

being , the th member of the family of Silvester polynomials
of degree [1].

For , the transformation is quadratic, thus, a solid de-
limited by four paraboloid sections is generated; an example is
given in Fig. 1(b). Higher order transformations can be used to
improve the accuracy in geometric modeling, nevertheless, in
practice, it is often desirable to represent geometries that cannot
be represented in polynomial form as, for instance, spheres, cir-
cular cylinders, and quadric surfaces, in general.

In order to extend the set of representable boundaries, [9]
proposed the use of rational Bézier tetrahedra, which provide
considerably more flexibility than the Lagrange family. Actu-
ally, the polynomial transformation is included as a special case.

Fig. 2. Rational Bézier transformation with n = 2. (a) Basic parent
tetrahedron. (b) Curved tetrahedron. Control points and Bézier grid are shown.

The mathematical expression for the position vector in a rational
Bézier tetrahedron of degree is

(4)

where stands for the four-tuple ( ), defined ex-
actly as for the case of Lagrange elements, and is the
generalized Bernstein polynomial of degree [8]

(5)

are control points, called Bézier points, and the real numbers
are the associated weights. The number of control points

needed is equal to the number of interpolation points required
for a polynomial mapping of the same order, but control points,
except those associated with vertices, are not necessarily inter-
polated. For each face, the points at vertices and their two neigh-
bors on edges determine the tangent planes at the corners. An
example for is shown in Fig. 2(b).

If all the weights are equal, (4) becomes a polynomial trans-
formation; the weights can be used as additional degrees of
freedom, thus providing a significant increase in versatility. In
particular, by properly choosing control points and weights, vol-
umes delimited by quadric surfaces can be exactly represented
through a quadratic rational Bézier transformation [8].

The procedure presented in this paper combines rational
Bézier tetrahedra with the higher order interpolatory vector
bases of curl conforming type proposed in [15]. Bases of
arbitrary order can be generated in a systematic way on curvi-
linear elements by considering the correct expression of the
coordinate mapping and of its derivatives.

III. FINITE-ELEMENT HYBRID FORMULATION

The system under consideration is a generic multiport junc-
tion whose walls are assumed perfect electric or magnetic con-
ductors.

The FEM is applied in the inner region of the junction
that may be arbitrarily shaped and is allowed to contain inho-
mogeneous, anisotropic, and lossy materials. In such a region,
assumed source free, a time–harmonic electric field must satisfy
the vector wave equation

(6)
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where and are the complex relative permittivity and
permeability tensors, respectively, and is the free-space
wavenumber. A time dependence is assumed and sup-
pressed.

The FEM numerical solution of (6) has been presented before
[12], [16]. The region under analysis is subdivided into tetra-
hedra, and the field is expanded in terms of the given bases [15].
Equation (6) is then cast into a matrix equation via a Galerkin
weighted residual approach. Such a formulation implies a sur-
face integral over the device boundary, which is nonzero only at
the device ports, which are assumed planar, and where a modal
expansion for the tangential components of the field can be en-
forced in the form

(7)

with being the number of modes considered at port ,
being the th tangential magnetic-field eigenfunction, and
and being the relevant incident and reflected wave

amplitudes, respectively. These latter will be cast into two
single global vectors and by resorting to a global
numbering scheme .

The matrix equation is then [16]

(8)

where is the vector of the coefficients of the unknown field
expansion, while and contain the volume integral con-
tributions and contain the surface integrals at the ports.

These matrices are assembled on an element-by-element
basis and, for each given element , they are defined by

(9)

(10)

(11)

Since both and are unknown, additional equations
are needed to solve (8), hence, the continuity of the tangential
electric field at the ports is explicitly imposed, again by applying
a modal expansion [16]

(12)

and, hence,

(13)

where, again, is computed element by element as

(14)

while is defined on the entire port

(15)

The global system to be solved then comprises (8) and (13),
providing both the electric-field distribution within the junction
and the scattering coefficients at ports.

The bases and the integration limits of (9)–(11) and (14) are
more simply expressed in local coordinates, therefore, it is more
convenient to carry out the integrations in the local space. To
transform the variables and the region with respect to which the
integration is made, a standard process is used, leading to [for
the volumetric integral case (9) and (10)]

(16)
where denotes the Jacobian of the coordinate transformation,
which can be expressed as

(17)

being , the so-called unitary basis vectors [15]

(18)

In order to perform the integrations in the local space, it is
necessary to express the global derivatives occurring in (9) in
terms of local derivatives. This is easily done by exploiting the
relation

(19)

where are taken in cyclic order.
The key step for the integral computation is, therefore, the

determination of unitary basis vectors. By recalling the depen-
dence of the fourth local variable, for the polynomial mapping
presented in Section II, the following expression is obtained:

(20)

where is the th index of the four-tuple .
Similarly, for rational Bézier elements, it is

(21)

It is worth pointing out that the computational complexity is
almost the same for coordinates mappings (3) and (4), as con-
firmed by computation time required for simulations. Indeed,
only polynomials of degree at most are involved in calcula-
tions. Besides, partial derivatives appearing in (21) can be easily
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written in terms of lower order Bernstein polynomials by ex-
ploiting the following relation:

(22)
where is assumed to be zero if one of the indexes
( ) is zero or less.

The integrals in (11) and (14) are performed in a similar way.
The relevant triangular faces may have curved sides and curved
triangular elements can be obtained from (3) or (4) by simply
setting one barycentric coordinate equal to zero. Surface inte-
grals are then computed over the other three local coordinates
involved.

The integrations are carried out numerically, by using 512-
and 64-point Gaussian quadrature formula on tetrahedral and
triangular domains, respectively [17].

It is worth noting that, if only scattering parameters are
needed, an efficient solution algorithm can be applied: the
unknown can be eliminated within the solving system
yielding to a linear system with a full coefficient matrix, but
with much smaller dimensions than the original one [10, pp.
104–105].

IV. NUMERICAL RESULTS

The procedure has been tested on some examples for which
measured results were available. Examples were chosen with
increasing relevance of the device curved features to show how
the Bézier mapping allows a comparably lower number of ele-
ments. The number of elements is indeed decreasing from one
example to the next. The mesh chosen is the one with the least
possible elements, yet exactly matching, with the Bézier map-
ping, the device structure. The order of the bases is the lowest
yielding good results for the given mesh. Reference [9] presents
an investigation on the performances of different orders of bases
over a given mesh.

As a first example, two crossed metal posts in a WR-62 wave-
guide ( mm, mm) have been consid-
ered. Second-order basis functions on a rather dense mesh of
273 tetrahedra, corresponding to 5709 FEM unknowns, and four
modes on each port have been considered. In Fig. 3, the reflec-
tion coefficient of the fundamental mode at one port is shown;
results provided by simulations with rectilinear (linear map-
ping) and curved (rational Bézier mapping) elements are com-
pared with measures presented in [18]. It can be seen that the
use of the proposed curved elements allows to achieve a greater
accuracy, especially in the peak region. Conventional polyno-
mial mapping is not shown, here, for the sake of clarity, since
its results are comparable with the ones yielded by the Bézier
mapping. This similarity is due to the fact that the radius of cur-
vature of the posts is very small in terms of wavelength. Poly-
nomial mapping is, hence, shown in subsequent figures, where
differences are relevant.

Next, a Y-junction circulator in rectangular waveguide (
mm, mm) with a TT1–109 circular ferrite post

has been analyzed. Material parameters are given in [19]; mag-
netic and dielectric losses have been taken into account and a

Fig. 3. Magnitude of reflection coefficient for two crossed posts in WR-62
waveguide. Dimensions: a = 15:7988 mm, b = 7:8994 mm, c = 2:5 mm,
d = 3mm, e = 11:51mm, f = 4mm. Measured values are compared with
the results provided by simulations with different types of mapping.

Fig. 4. Magnitude of the insertion, isolation, and reflection parameters for an
H-plane Y-junction with a TT1–109 circular ferrite post having a diameter of
7 mm. (a) Geometry of the junction. (b) Comparison between measured values
and results provided by simulations with different types of mapping.

200-Oe internal dc magnetic field has been assumed. The cal-
culations have been carried out by using ten waveguide modes
on each port, 95 curved elements, and first-order basis func-
tions (826 FEM unknowns). The performances of the junction
for the fundamental mode are shown in Fig. 4, where the
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Fig. 5. Analysis of a 180 H-plane bend with R = 20:225 mm. Magnitude
of reflection coefficient versus frequency: comparison between measured values
[20] and simulations performed using different types of mapping.

results obtained by applying the polynomial interpolatory (3)
and proposed (4) mappings are compared with experimental re-
sults [19]. It is evident that, with the polynomial mapping, the
agreement with measures is not as good as with the rational one,
especially as far as the value of the circulation frequency is con-
cerned.

As a further example, simulations have been performed on a
180 -plane bend in an WR-75 waveguide ( mm,

mm). In order to demonstrate the greater robust-
ness to mesh distortion of the proposed mapping, the struc-
ture has been discretized with a rather coarse asymmetric mesh
composed of 58 elements. Third-order basis functions, corre-
sponding to 2056 FEM unknowns, have been used. Simulation
results, shown in Fig. 5, demonstrate the greater accuracy pro-
vided by the proposed mapping.

V. CONCLUSIONS

The enhancement of a hybrid procedure combining FEM and
modal expansions for the analysis of generic 3-D microwave
multiport junctions has been presented based on a rational
Bézier mapping for the definition of curved elements, together
with higher order bases. Numerical results have demonstrated
that the proposed elements can yield a much greater accuracy
compared to rectilinear and conventional curved ones.
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